[ a96 ] 



XXVIIl. Of trtangks defcribed in Circles md about them. 

By John Stedinan, M. £)* 



Reddc, March aj, 1771. 



PROPOSITION Ii 



\4n equilateral triangle infer ibed within a circle is larger 
than any other triangle that can be infcribed within the 
fame circle. 

LET ABC (TABt viii. fig. I.) be an equilateral trian- 
gle, infcribed in the circle adcb; and let abe be a 
triangle fuppofed larger than abc. Let ADRbe drawn 
with one of its angles at the fame point with one of the 
angles of the equilateral triangle, ftippofe at a, and then 
its other two angles will fall either on the fegments adb 
and AEc, or one of the angles will on the fegment bc. 
Firft, let one of its angles fall at d, between a and b ; and 
the other at e, between a and c, and draw the line be. 
In the triangles abc, abe, the triangle abf is common, 
and the two remaining triangles bfc, afe, are fimilar; 
for the angle afe is equal to its oppolite angle bfc ; and 
the two, angles eac, ebc, are eqnalj being fubtended by 
the fame fegment ec, and fo the two remaining angles 

aef. 
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AEF, BCF, muft be eqiialj wherefore the fides are pro- 
portional, and BC and ae, fubtending equal angles muft 
be homologous; but bc is equal to AC, which is greater 
than ae; confequently the triangle bfc is greater than 
AFE, and fo the equilateral triangle abc i§ greater than 
the triangle abe. In the fame manner, the triangle 
ABE may be proved greater than ade; for ahe is com- 
mon, and the two triangles ad h, bhe, are limilar, and 
their fides proportional; and ad and be, fubtending 
equal angles, muft be homologous; but be is greater 
than BC, which is equal to ab, and that again greater 
than ad; confequently be is greater than ad, and the 
whole triangle aeb greater than aed; and fo the equi- 
lateral triangle muft, a fortiori ^ be greater than aed. 

Next, let the triangle ade be fuppofed greater than 
the equilateral triangle ABC, and let the angle ade fall 
fomewhere in the fegment bdc, (fee fig, 2.) fo that the 
fegnient ec may be greater than bd; for if it were not, 
the angle aed being applied to any of the angles of the 
equilateral triangle, the demonftration would become the 
fame as in the firft cafe: whOTefore the fegments aec, 
BDC, being equal, and bd being kfs than ec, ae muft be 
lefs than dc. Draw the right line dc, and then in the 
two triangles ado, ade, the triangle afd is common, 
and the two triangles afe, dfc, are equiangular and 
fimdlar, and the fides ae, dc, fubtending equal angles,. 
are homologous ; but dc is greater than ae ; fo the trian- 
gle dfc is greater than the triangle afe, and the whole 

S f 2 triangle 
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triangle ADC is greater than adej but the equilateral 
triangle may be proved greater than AD c from the firft 
cafe, and confequently greater than ade^ ^ JE, JDv 

PROPOSITI O 1^ II. 

An equilateral triangle defer ibed about a circle is lefs than 
any other triangle that can be defer ibed about the fame 
circle. Fig. 3. 

LET the equilateral triangle abc be defcribed aboiat 
the circle hik, and let the triangle bdg be fuppofed lefs 
than the equilateral triangle. Draw the Une af parallel 
to BC, then the triangles afe, egCj are limilai*; for the 
oppofite angles aef^ gec, are equal, as likewife the angle 
afe to the angle egg ; the lines af and gc being parallel, 
and falling upon the fame line fg, the angles afe and 
EGG are therefore equal, and the fides ae, eC, fubtending 
equal angles, are homologous ; but the fide of the equi- 
lateral triangle AC being equally divided at i, the line 
AE is greater than ec, and confequently the triangle afe 
is larger than the triangle egg; and the triangle DAi: 
much larger than Eoc: therefore, in the triangles dbg 
and ABC the part abge being common the whole trian- 
gle DBG is larger than the equilateral triangle. ^ E. D^ 

Whatever other triangles can be defcribed about a cir- 
cle, may be dcmonftrated to be larger than an equilateral 
triangle defcribed about the fame circle, upon the fame 
principles as the preceding* 
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PROPOSITION III. 

^fqmre Qftheji4e Qf m egmlateral triangk infmbe4 in 
a circk is equal to a nBangk und^r tb^ ^iam^t^r ef the 
circle^ and a perpmdicular let fall fr^m any migle ^f tbc 
triangle upon the oppqfiteftd^. Fig* 4» 

THE two trUijgks adc, ajc, are equi-angidar and 
fimilar, the angles acd, aec, being both right, and that 
at A common; therefore ad : ac :: AC : ae, and AC*i=: 
ADXAE. ^E.Dr^^ 

The fquare of one fide of the triangle being com- 
pleated fo as to include the triangle, 1 fay, that part 
of the fide of the fquare that falls within the circle 
is equal to the radius; and the other part, lying with» 
out the circle, is equal to the radius minus twice the 
portion lying between the fide of the fquare^ and the 
circumference of the circle ; or is equal to that part of 
the radius that lies between the centre and the fide of 
the fquare minus the remainder of the radius ; that is CL 

{a) And univerfally, a perpendicular being drawn from any angle of a right- 
I'med triangle to the oppoiite fide, the re£tangle under the two fides which contain 
that angle, is equal to the redangle under the perpendicular and the diameter of 
the circumfcribed circle. (See tab. Viii. fig. 5.) 

From A, one angle of the triangle bag, draw ae perpendicular to the fide 
EC. Round the triangle bag defcribe a circle, and draw the diameter Ami fay, 
the re^langles ag x ab, ae x ad, are equal. Join db. The angle DBA is a 
tight angle. Therefore it is equal to the right angle cea. The angles at the 
circumference ace, adb, are equal, becaufe they ftand upon the fame arc AB« 
Therefore the two triangles age, adb, are fimilar, and ac : A£ =: AD : AB. 
Therefore ac x ab r: ae x ad* ^ E* D^ «• itowiS4f . 

is 



is equal to the radius, and li=kg— aMo; or Lr=KM-Mo. 
Fo being parallel to Bc, and confequently perpendicular 
to re, muft divide the chord LC in two equal parts; fi> 
that Mc being equal to ke, lc muft be equal to aKE j but 
feE (by EUCL. 1. XIII. pr. la. cor* a* Glav.) is equal to 
ED ; therefore lc = kb the radius* The fide of the 
fquare ic being equal to bc is likewife equal to nm ; but 
Lc being equal to KG, the iremaining part li muft be 
equal to nk -^ mg ; or to &M— Mg. ^ JS* D. 
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